We consider the possibility of using reweighting techniques in order to correct for the breaking of unitarity when twisted boundary conditions are imposed on valence fermions in simulations of lattice gauge theories. We start by studying the properties of reweighting factors and their variances at tree-level. That leads us to the introduction of a factorization for the fermionic reweighting determinant. In the numerical, stochastic, implementation of the method, we find that the effect of reweighting is negligible in the case of large volumes but it is sizeable when the volumes are small and the twisting angles are large. More importantly, we find that for un-improved Wilson fermions, and in small volumes, the dependence of the critical quark mass on the twisting angle is quite pronounced and results in large violations of the continuum dispersion relation.
Introduction
Simulations of field theories on discretized, Euclidean, lattices are necessarily performed in a finite space-time volume. That requires imposing boundary conditions on the fields and although different choices have the correct infinite volume limit, the way that is approached depends on the particular choice (see for example the discussion in [1, 2] for the case of lattice QED). The actual setup may affect not only the physical results by finite volume effects but also the algorithmic efficiency and sampling properties of the simulations. Recent examples of the latter can be found in [3] for the use of open boundary conditions in lattice QCD to bypass the freezing of topology, and in [4] for the use of generalized boundary conditions in order to exponentially improve the signal to noise ratio in glueball correlation functions computed in the pure gauge theory. When considering lattice QCD, (anti)-periodic boundary conditions in (time)-space are usually imposed on the fermionic fields. That leads to a quantization of the spatial momenta in units of 2π/L with L the spatial extent of the lattice. For the lowest non-zero momentum to be around 100 MeV, lattices of about 12 fm extension are hence needed. That is still very demanding from the computational point of view if at the same time one wants to keep discretization effects under control, which typically requires considering lattice spacings a of about 0.1 fm and below. In addition, for several applications relevant for phenomenology it is desirable not only to reach small momenta, but also to have a fine resolution of them. Examples include form factors, as those describing the K → π ν transition, the charge radius of the pion, and the hadronic vacuum polarization of the photon, relevant for the muon g − 2 anomaly.
Twisted boundary conditions, first introduced in [5, 6] offer a way to continuously vary momenta in lattice QCD, and have indeed been used for all the computations mentioned above [7] [8] [9] . They have also been applied to the calculation of renormalization factors in the RI-MOM scheme [10] and to the matching between Heavy Quark Effective Theory and QCD using correlators defined in the Schrödinger Functional [11] . Twisting amounts to imposing periodic boundary conditions up to a phase (the twisting angle θ) for fermions in the spatial directions. In actual simulations the partially twisted setup is usually adopted, where twisting is only applied in the valence sector whereas fermions in the sea are kept periodic. That introduces a breaking of unitarity as a boundary effect, which therefore is expected to disappear in the infinite volume limit, as it has explicitly been checked using Chiral Perturbation Theory in [12] .
This suggests that reweighting techniques as those employed in [13] for the case of mass-reweighting could be used here in order to change the periodicity conditions for fermions in the sea. We will see in the following that the resulting reweighting factors are ratios of fermionic determinants, which tend to the value one in the infinite volume limit. Therefore, as mentioned above, if any effect of unitarity violations can be seen, then that is expected to happen in rather small volumes, where the reweighting factors (which are extensive quantities) can be reliably computed and used as correction factors if needed.
A preliminary account of the present studies appeared in [14] . The paper is organized as follows; in Section 2 we collect definitions and details on the setup we used and in Section 3 we present exact results obtained at tree-level. Those will turn out to be useful in optimizing the numerical techniques employed for the evaluation of the reweighting factors and their variances. Simulation parameters and Monte-Carlo results are presented in Section 4. The pion and quark mass dependence on the twisting angle are discussed in Section 5. Section 6 contains our conclusions.
Definitions and setup
The generic boundary conditions for matter fields in lattice QCD formulated on a torus are nicely discussed in [12] . There it is pointed out that it is sufficient to require that the action is single valued on the torus, whereas the fields themselves do not need to be. Periodicity conditions on the fermions can therefore be of the form
where Ψ is a flavor multiplet and V µ represents a unitary transformation associated to a symmetry of the action. Similarly, for the Ψ field one requires
Considering now generic values of the diagonal quark mass matrix, one concludes that V µ also has to be diagonal in flavor space, i.e
where the twisting angles θ µ ∈ [0, 2π) have been introduced for each flavor and ψ is now one component of the Ψ multiplet. Equivalently, one can fix the fermionic fields to be periodic and introduce a constant U(1) interaction with vanishing electric and magnetic fields, vanishing electric potential but constant vector potential [6, 12] . In lattice gauge theories, such an interaction is implemented by transforming the standard QCD links U µ (x) in the following way (setting a = 1)Ũ
In order to see the equivalence, it is enough to observe that the phase can be re-absorbed by re-writing the, now periodic, ψ fields in terms of 5) and to notice that theψ are indeed periodic up to a phase, as for Eq. 2. 
In this sense twisting allows to continuously vary momenta as mentioned in the introduction. The corresponding amplitudes can be extracted from the Fourier decomposition of the propagator ψ(x)ψ(0) , which satisfies periodic boundary conditions. In practice, SU(N c ) gauge configurations are typically produced for one specific choice of θ, and the angle is then varied only when computing the quark propagators, which is cheaper in terms of CPU-time with respect to the generation of configurations. As a consequence, the quark propagators in the sea and valence sectors differ, which causes a breaking of unitarity already at the perturbative level. This effect however can be studied in a rather straightforward way, as done here.
In the following we will use the un-improved Wilson action, with the links U µ (x) replaced by theŨ µ (x) as in Eq. 2.4. That replacement clearly does not affect the plaquettes and therefore the pure gauge term in the action. Only the covariant derivatives and the Wilson term are modified. Hence, once the fermionic degrees of freedom are integrated out on each SU(N c ) gauge background, the θ-dependence from the sea sector is completely absorbed in the fermionic determinant.
In order to apply reweighting techniques, let us imagine we want to compute the value of some observables for one choice of bare parameters B = {β , m 1 , m 2 , . . . , m n f , θ µ , . . . }, using the configurations produced at a slightly different set of parameters A = {β, m 1 , m 2 , . . . , m n f , θ µ , . . . }. To this end, one needs to compute on each configuration of the Aensemble the reweighting factor W AB = P B /P A , which is the ratio of the two probability distributions and it is an extensive quantity,
In the last expression we have explicitly indicated the dependence of the Dirac operator on the twisting angle. The expectation values on the B-ensemble can then be expressed as
with O being the observable defined after Wick contractions, and . . . A indicates that expectation values have to be taken on the A-ensemble. Specializing to the case where only the periodicity angles of the fermionic boundary conditions are changed from one bare set to the other, we obtain the following expression of the reweighting factor
where we have also chosen D to be D W , i.e., the massive Wilson Dirac operator. Under certain conditions ratios of determinants as those above can be estimated stochastically.
In general, for a normal matrix M whose eigenvalues have positive real parts, the following representation of the determinant can be used [13] 
The positivity condition ensures that the integral converges. The expression can clearly be evaluated stochastically. The distribution p(η) of the vectors η is usually taken to be gaussian, and in that case, the determinant (or its inverse) can be written as
It is straightforward to generalize the positivity condition above in order to ensure the convergence of the stochastic estimates of all gaussian moments. In the case of an hermitean matrix one obtains
. . .
All eigenvalues should therefore be larger than unity. In particular, in the numerical studies presented here we will always consider the square of the hermitean version of the Wilson Dirac operator Q = γ 5 D W , which is to say we consider the case of two degenerate flavors.
3 Tree-level studies
The spectrum of the free Wilson Dirac operator can be easily computed in momentum space, and that provides insights on the large volume asymptotic scaling of the reweighting factors and their variances. Given the finite-volume nature of twisting, a rather obvious expectation is that the reweighting factors approach the value 1 at fixed θ and in large volumes, and that is readily confirmed at tree-level, as shown in Fig. 1(a) . On the other hand the reweighting factor remains an extensive quantity, and the corresponding variance grows in the same limit, which is therefore very difficult to be reached numerically. It is clear from Fig. 1 (b) that the noise to signal ratio grows at least exponentially as the volume is increased at fixed θ. The same exponential growth is observed as θ is made larger at fixed L (see Fig. 1(c) ). A factorization of the observable has been proven to be effective in this case in various instances [4, 15] , and we will pursue a similar approach here, in analogy to what has been done in [13] for the case of mass reweighting. A natural choice is to split the determinants ratio through the following telescopic decomposition
where A are now matrices deviating from the identity by small amounts of O(δθ). The inverse determinant and its error ε |A −1 | are then reconstructed in terms of the N corresponding estimators 1/ det A and ε |A −1 | , one for each factor A in the equation above,
and
Based on the tree-level results we have presented, the expression on the r.h.s of the equation above is given by a sum of N terms, each one depending exponentially on δθ (for values of δθ such that the variance in Fig. 1(c) is approximately growing exponentially with the twisting angle) and therefore, at fixed δθ, the squared error of the telescopic product is expected to grow linearly with θ. That is to be compared to the exponential growth of the error one would obtain by attempting to compute the ratio of determinants for large shifts in θ in one single step.
Simulations and results
For the numerical computations we have used gauge configurations produced for the SU(2) gauge theory with two fermions in the fundamental representation. The choice is motivated by the fact that dynamical configurations were locally available at CP 3 from previous and ongoing projects. The ensembles have been generated using un-improved Wilson fermions and the Wilson plaquette gauge action. The model is a QCD-like theory, featuring chiral symmetry breaking and confinement. The outcome of the present study should hence remain qualitatively unchanged for the case of lattice QCD. At tree-level the reweighting factors indeed scale with a power of N c , due to the degeneracy of the eigenvalues of the Dirac matrix.
In Table 4 we collect details about the ensembles used in this work, for completeness, the value m c of the bare mass parameter yielding massless fermions is estimated to be −0.77(2) at β = 2.2 [16] [17] [18] . We have considered both small and large volumes, which we will discuss separately. The expectation, also from the tree-level studies, is that, at fixed values of θ, the effect of twisting and therefore of reweighting is at its largest in small volumes, which is also where the stochastic methods should provide reliable estimates. 1 We restricted ourselves to the case of reweighting to spatially isotropic θ angles and adopted the hermitian γ 5 -version of the Dirac-Wilson operator with two flavors, since that automatically fulfills the applicability condition in eq. (2.8). 2 As a test of the stochastic method and in order to get an idea about the number N η of gaussian vectors necessary to obtain a reliable estimate of the reweighting factor, we computed it on the trivial (U µ (x) = I) gauge configuration and compared it to the analytical tree-level prediction. The results are shown in Fig. 2 . There, by looking at the statistical error, one sees that about 300 gaussian vectors are necessary for ε η to reach the correct scaling with N η .
Turning now to actual Monte Carlo data, in particular from the 8 3 × 16 ensemble, we found that under a similar condition (N η 300) the reweighting factor on each configuration deviates by more than a factor 10 in magnitude from its gauge average in a few cases only (see Fig. 3 ). This prevents the averages to be dominated by "spikes", which would cause large statistical fluctuations, and sets a lower limit on N η . In Figs. 4(a) and 4(b) we show the mean of the reweighting factor, with each point resulting from an average over 1000 configurations, as a function of N η . A good scaling of the error is visible, according to N −1/2 η , up to N η ≈ 500. At that point the statistical noise saturates the gauge noise, and therefore the error on the gauge average does not decrease any further by increasing N η . This sets an upper limit to about 600 for the number of gaussian vectors to be used in the stochastic evaluation of the determinants ratio. In addition, it imples that for N η 600 one can safely consider the gauge noise only in the error analysis. In the following, we do that by a standard jackknife plus binning procedure.
Small volumes
In the small volume regime the effect of partial twisting and the associated breaking of unitarity may be large. In order to isolate the contribution due to the determinants ratio, we looked first at the plaquette, for which the entire dependence on θ obviously comes from the quarks in the sea only. Here and in the following we neglect autocorrelations since measurements are separated by 10 to 20 molecular dynamics units. In any case, a binning procedure, using bins of length up to 10, provides entirely consistent results. In Fig. 5(a) we show the results after reweighting only one flavor, i.e., by taking the square root of the stochastic evaluation of the determinants ratio estimated for the Q 2 [U, θ] operators [19, 20] . Notice that here and in the following, whenever the root-trick above is used, we consider rather heavy quarks and pions (am π ≥ 0.45) and we therefore do not expect ambiguities in the sign of the one-flavor determinant. Effects are visible within statistical errors for large values of θ only. Those are more pronounced when both flavors are reweighted, as depicted in Fig. 5(b) . In addition, in this case, the reweighted results can be checked by a direct HMC simulation 3 at θ = 0. Notice that we are discussing permil shifts, which we access by using very large statistics (≈ 10000 configurations) for such a cheap quantity as the plaquette. That changes from θ = 0 to θ = π/2 by about 3.5 combined sigmas and the result is reproduced by reweighting from θ = 0 within two combined statistical deviations (for N η 600). We interpret this slight tension as signalling the limit of validity of the reweighting method for the application discussed here. In the following, we therefore restrict the values of the twisting angle to the interval [0, π/2]. The other quantity we have analyzed is the pion dispersion relation. After twisting only one flavor in the valence, the lowest energy state coupled to a spatially summed interpolating field is expected to become a "quenched" pion with momentum p = ± θ/L. In order to remove this quenching effect we have reweighted the relevant correlators for the twisting of one flavor in the sea and we have extracted the effective energies from their time-symmetrized versions. In Fig. 6 we display the results for the dispersion relation and we compare them to the un-reweighted, partially twisted, data (i.e., with twisting in the valence only), to the continuum prediction (aE) 2 = (am π ) 2 +3θ 2 /L 2 (we use θ = θ (1, 1, 1) ) and to the lattice free boson theory prediction cosh(aE) = 3 + cosh(am π ) + 3 cos(θ/L). Over the entire range of θ values explored there is no significant effect within errors. We will discuss possible explanations of the discrepancy between the reweighted data and the lattice free prediction for large twisting angles, in the next Section. Let us remark that, following [21] , all two-point functions have been computed using Z 2 × Z 2 single time-slice stochastic sources. . Each point is obtained with a different (growing with θ) number of independent steps in the determination of the reweighting factor and N η 600 in each step.
Large volumes
As suggested by the tree-level studies, in large volumes, the accuracy in the determination of the reweighting factors and the overall effect of twisting are very much reduced, compared to the previous case. We have looked at the pion dispersion relation for two different values of m π as we expect to detect possibly sizeable effects for rather light quarks. However, at the volume considered (V = 24 3 × 32), it appears as one can safely neglect any breaking of unitarity. The results are shown in Fig. 7 . Indeed, reweighting does not seem to yield any significant effect within the half a percent statistical errors. 3 ×32. The reweighting factor at a given θ is obtained by a telescopic product involving all the previous ones, each one estimated using N η 600.
Quark mass dependence on θ
As mentioned above, non-periodic boundary conditions (θ = 0) for fermionic fields are equivalent to introducing a constant U(1) interaction, through an external field B µ (x) = B µ coupled to periodic fermions. That amounts to replacing the links U µ with the linksŨ µ given byŨ
where
In this case the Partially Conserved Axial Current (PCAC) relations remain unaffected since the new linksŨ µ (x), being proportional to the identity in flavor, still commute with the Pauli matrices. That implies that the vector transformations are still exact symmetries at finite lattice spacing with Wilson fermions, and that the PCAC relation remains formally the same. Cutoff effects on the other hand depend on the choice of boundary conditions, that has actually been exploited in order to compute improvement coefficients (see, for example, Refs. [22, 23] ), within the Symanzik improvement programme for Wilson fermions in QCD. In some instances, even after improvement, the quark mass defined through the PCAC relation in rather small volumes, turned out to have a quite pronounced residual (i.e., O(a 2 )) dependence on the boundary conditions [24] . That is expected to be even larger here, with un-improved Wilson fermions. For completeness, the bare PCAC quark mass m can be defined through the spatially integrated axial Ward identity as:
with A µ the axial current, P the pseudoscalar density (both spatially summed over the x th 0 time-slice) and O an interpolating field, which in our case will be simply given by the pseudoscalar density localized at the origin.
For the present discussion, it is useful to introduce θ v as the spatially isotropic twisting angle used for all fermions in the valence and θ s as the corresponding one for all fermions in the sea. We produced small volume configurations for different values of θ s and on those we measured quark and pion masses while changing θ v . That can actually be used to get an idea of what the effect of reweighting should be, and we will see that the observations above are confirmed. In particular, at fixed θ v , results depend at most at the percent level only on θ s .
In Fig. 8 we show the pion effective masses computed on about 4000 independent configurations generated for lattices of size 8 3 × 32 at β = 2.2 and m = −0.72. All the results in the left panel refer to unitary points, i. e., with θ s = θ v . Naively one would expect the results to lie on top of each other as they all correspond to zero-momentum pions at the same bare parameters. We ascribe the difference to the dependence of the critical bare mass m c on both θ s and θ v . Since m c is obtained from the PCAC operator identity the dependence on the twisting angles is a boundary, therefore finite volume, cutoff effect. This explains why the continuum dispersion relation is rather poorly reproduced in small volumes and for large values of the twisting angle, as shown in Fig. 6 . Upon twisting, not only the pions get boosted, but also at least one of the quark masses decreases, such that the two effects partly compensate. In the right panel of Fig. 8 The bare PCAC quark mass, in the un-improved theory, can be related to the bare parameter m as
where Z is a normalization factor and m c is the value of the bare mass parameter defining the massless limit. As a consequence of the breaking of chiral symmetry with Wilson fermions m c is different from zero, as opposite to the case of Ginsparg-Wilson or staggered fermions, where at least some axial transformations are preserved and that is enough to rule out an additive renormalization of the bare mass. We are here restricting the attention to the case θ s = θ v = θ and we are working at fixed β. By looking at m PCAC as a function of m, for m slightly larger than m c , one obtains a family of linear curves parameterized by θ. The slope of the curves is given by Z, while the value of m where the curves intercept the horizontal axis corresponds to m c . That is exactly what is shown in Fig. 9 for m = −0.72, −0.735 and −0.75 (with β fixed to 2.2 and V = 8 3 × 32). Whereas the dependence of Z on θ is not significant, m c , as anticipated, changes substantially with the twisting angle. At θ = π/2 and for m = −0.75 the PCAC mass is roughly one half of the value at θ = 0. We find that the corresponding ratio for pion masses is within 1.5 and 1.7, which, given the small volumes we have considered, is quite consistent with the scaling in a chirally broken theory. Finally, let us remark that similar shifts in the quark mass have been discussed for the case of constant external magnetic fields [25] . We emphasize that here we are showing that such effects are present also in the case of vanishing magnetic field and constant (vector) potential. 
Conclusions
We explored in detail an application of reweighting techniques to the case of modifications in the spatial periodicity of fermions. We have thoroughly studied the approach at treelevel and we have provided constraints for the convergence of the stochastic estimates of all the gaussian moments of the reweighting factors. We have also established the large volume scaling of the average and the variance at tree-level.
At the numerical level we have performed a complete and detailed study of purely gluonic as well as fermionic quantities in both large and small volumes. We considered the plaquette and the pion dispersion relation, the latter in the two regimes. In both cases we found the effects of reweighting to be at the sub-percent level for values of θ up to π/2. In our implementation, for the large volumes considered, we found that the reweighting method, with N η ≈ 600 is a factor 4-5 computationally cheaper compared to generating new configurations for different values of the twisting angle, assuming that about 20 molecular dynamics units are needed to decorrelate subsequent configurations. We performed this comparison in units of matrix-vector multiplications.
Perhaps the most important observation, which, as far as we know, has so far not been investigated in a dedicated way in the literature, is on the dependence of the critical mass for Wilson fermions on the periodicity phases in the boundary conditions. Although a cutoff effect, it could be rather large in a theory with O(a) discretization effects. Since the result is that the hadron masses, and not only their momentum, change as θ changes, the corresponding dispersion relations may look very different at finite and coarse lattice spacings compared to the continuum predictions.
